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Novel fermionic quasiparticles with integer pseudospins in some energy bands, such as pseudospin-
1 triple-point fermions, recently attract increasing interest since they are beyond the conventional
spin-1/2 Dirac and Weyl counterparts. In this paper, we propose a class of pseudospin-1 fermioic
excitations emerging in topological metal bands, dubbed double-triple-point (DTP) fermions. We
first present a general three-band continuum model with C4 symmetry in three dimensions, which
has three types of threefold degenerate points in the bands classified by their topological charges
C = ±4,±2, 0, respectively. They are dubbed DTPs as spin-1 generalization of double-Weyl points.
We then construct two-dimensional and three-dimensional tight-binding lattice models of topological
metal bands with exotic DTP fermions near the DTPs. In two dimensions, the band gaps close
at a trivial DTP with zero Berry phase, which occurs at the transition between the normal and
topological insulator phases. In three dimensions, the topological properties of three different DTP
fermions in lattice systems are further investigated, and the effects of breaking C4 symmetry are
also studied, which generally leads to splitting each quadratic DTP into two linear triple points and
gives topological phase diagrams. Using ultracold fermionic atoms in optical lattices, the proposed
models can be realized and the topological properties of the DTP fermions can be detected.
I. INTRODUCTION
Topological semimetals and metals, such as Dirac and
Weyl semimetals, have recently attracted broad atten-
tions due to their interesting fundamental physics and po-
tential applications [1]. In three-dimensional (3D) Weyl
semimetals, the low-energy excitations near twofold band
crossings dubbed as Weyl points resemble the well-known
Weyl fermions in particle physics [2–10]. The Weyl
fermions have linear dispersion along all three momenta
directions [see Fig. 1(a)] governed by the effective Weyl
Hamiltonian, and a pair of Weyl points carry topological
charges C = ±1, which support gapless Fermi arc surface
states. Both the Weyl fermions (points) in the bulk and
Fermi arcs in the surface give rise to exotic phenomena,
such as anomalous electromagnetic responses [1]. In an-
other class of Weyl semimetals, the multi-Weyl semimet-
als [11–13], the twofold band degeneracies carry topolog-
ical charges of higher magnitudes and can be stabilized
by certain point-group crystal symmetries. Particularly,
the double-Weyl points in double-Weyl semimetals have
topological charges C = ±2 and linear dispersion only
along one dimension but quadratic along the other two
dimensions [see Fig. 1(b)], near which the low-energy
excitations are called as double-Weyl fermions [11–13].
Very recently, considerable attention have been paid
to searching for unconventional massless fermionic ex-
citations beyond Dirac and Weyl paradigm [14–28]. In
contrast to particles in high-energy physics constrained
by Poincare´ symmetry, quasiparticles in a lattice system
∗Electronic address: danweizhang@m.scnu.edu.cn
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are only constrained by certain subgroups (space groups)
of the Poincare´ symmetry, which allows the emergence
of “new fermions” (fermionic quasiparticles beyond the
Dirac-Weyl-Majorana classification) in some band struc-
tures with three- or morefold degeneracies [14].In par-
ticular, triple-point (three-component) fermions as spin-
1 generalization of Weyl fermions in certain topological
metal bands with threefold degeneracies were theoreti-
cally predicted and then experimental observed in some
condensed matter materials [15, 23]. Similar to the spin-
1/2 Weyl fermions, the spin-1 triple-point fermions have
linear dispersion along all momentum directions near
the threefold degenerate points, which carry topological
charges C = ±2 [14, 24] [see Fig. 1(c)]. Along this direc-
tion, an important question then is whether other types
of triple-point fermions can emerge in topological metal
bands, such as the spin-1 generalization of double-Weyl
fermions [see Fig. 1(d)] that are yet to be studied.
On the other hand, it has been shown that ultra-
cold atoms in optical lattices with synthetic gauge fields
and spin-orbit coupling provide a promising platform for
studying topological states and phenomena [29–34]. Re-
markably, Dirac fermions in a tunable honeycomb optical
lattice [35, 36] has been realized [37], where the topolog-
ical phase transition and the pi Berry phase of a Dirac
point have been directly observed [38]. The celebrated
Harper-Hofstadter model [39] and Haldane model [40]
have been realized with cold atoms in two-dimensional
(2D) optical lattices [41–45], where the Chern numbers
characterizing the band topology have also been mea-
sured. The experimental observation of chiral edge states
with cold atoms in synthetic Hall ribbons has been re-
ported [46, 47]. The topological (geometric) pumping
[48, 49] has been demonstrated in optical superlattices
[50–53]. The 2D spin-orbit coupling and topological
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2FIG. 1: (Color online) Energy dispersions of (a) Spin-1/2
Weyl fermions; (b) Spin-1/2 double-Weyl fermions; (c) Spin-1
triple-point fermions; (d) Spin-1 double-triple-point fermions.
The corresponding topological charges of the band degenerate
points are shown.
bands have been generated in an optical Raman lat-
tice [54, 55]. In addition, several schemes have been
suggested to realize topological semimetal bands with
Weyl fermions [56–66] and double-Weyl fermions [67, 68].
Moreover, it has been proposed that the spin-1 triple-
point fermions can emerge in some topological metal
bands in cold atom systems [24–26], which can even be
simulated in parameter space [69, 70]. Due to the elusive
nature of triple-point fermions in real materials and their
exotic properties [14–26], proposals for realizing other
types of triple-point fermions in artifical cold atom sys-
tems would be of great value.
In this paper, we propose a new class of spin-1 fermioic
excitations emerging in topological metal bands, which
are dubbed double-triple-point (DTP) fermions as the
spin-1 generalization of double-Weyl fermions. We first
present a general three-band continuum model with C4
symmetry in 3D, which is shown to contain three dif-
ferent types of threefold degenerate points in the bands
classified by their topological charges C = ±4,±2, 0, re-
spectively. The threefold degenerate points are called as
DTPs as spin-1 double-Weyl points. We then construct
2D and 3D tight-binding lattice models of topological
metal bands with DTP fermions near the DTPs, respec-
tively. In 2D, the bands close at a trivial DTP with
zero Berry phase, which occurs at the transition between
the normal and topological insulator phases. In 3D, the
topological properties of three different DTP fermions
in lattice systems are further investigated, such as the
bulk-edge correspondence. The effects of breaking C4
symmetry in this case are also studied, which generally
leads to splitting each DTP into two triple points and
gives topological phase diagrams. Finally, we discuss the
realization of the models and detection of the topological
properties of the DTP fermions with ultracold fermionic
atoms in optical lattices.
The paper is organized as follows. In Sec. II, we con-
struct a continuum model with three types of DTPs. In
Section III, we study DTP fermions in a 2D tight-binding
lattice model. In Sec. IV, the topological properties of
three different DTP fermions in 3D lattice systems are
further investigated. In Sec. V, we propose realization
of the models and detection of the the DTP fermions in
optical lattices. A brief conclusion is finally given in Sec.
VI.
II. A CONTINUUM MODEL
Let us begin with a three-band continuum model with
a symmetry C4 in 3D, which takes the following Hamil-
tonian
H(k) = (k2y − k2x)Sx + kxkySy + kz(αSz + βNij), (1)
where α and β are parameters, S = (Sx, Sy, Sz) are the
spin-1 matrices given by [24]
Sx =
0 0 00 0 −i
0 i 0
 , Sy =
 0 0 i0 0 0
−i 0 0
 , Sz =
0 −i 0i 0 0
0 0 0
,
(2)
and Nij are the tensors given by [26] Nij = (SiSj +
SjSi)/2 − δijS2/3 (i, j = x, y, z). Note that the spin-1
matrices satisfy that [Sx, Sy] = iSz, S × S = iS, and
S2 = S2x + S
2
y + S
2
z = S(S + 1) with S = 1. This model
preserves C4 symmetry represented as
C4H(k)C−14 = H(Rk), (3)
where C4 = e
−ipiSz is a point-group operator for the four-
fold rotation about z axis and R is an operator taking
(kx, ky, kz) to (ky,−kx, kz). In addition, as TH(k)T−1 6=
H(−k), where the time-reversal operator T = IˆKˆ with
Iˆ = diag(1, 1, 1) and Kˆ being the complex conjugate op-
erator, the model does not have time reversal symmetry.
One can find that H(k) exhibits a threefold degenerate
point at k = 0. As shown in Fig. 1(d) with β = 0, near
the degenerate point of the three bands, the dispersions
along the kx and ky are quadratic while linear along kz,
which is a triple-point with analogous quadratic disper-
sion of a double Weyl-point. Thus we name such a new
triple-point as DTP, which carries a topological charge C
that can be defined in terms of the first Chern number
on a surface enclosing the point:
Cn =
1
2pi
∮
S
Fn(k) · dS. (4)
Here S denotes the integration surface, and Fn(k) =
∇ × 〈un(k)|i∂k|un(k)〉 is the Berry curvature of the n-
th band with the wave function |un(k)〉, where the band
indices n for the lower, middle, and higher bands are
3denoted as −, 0, and +, respectively. For β = 0, one has
the simple expression Fn(k) = −2nsign(α)k/|k|3 and
Cn = −4nsign(α) for the n-th band. Hereafter we use the
lower-band Chern number to label the DTPs: C = C−.
The simplest DTP in this case with topological charges
C = ±4 is called as type-I DTP. Note that C+ = −C−
for the higher and lower bands and C0 = 0 for the middle
one even if βNij term exists, which has been numerical
confirmed.
Similar to the case for the linear triple-points [26], we
find that there are three types of quadratic DTPs induced
by the tensors Nij of different forms in Eq. (1). First, the
monopole charges of a type-I DTP with C = ±4 will not
change with the three spin-tensors Nxx, Nyy, and Nxy.
Second, when |β| > |α| 6= 0, the tensor Nzz induces a
DTP with C = ±2 which is named type-II DTP. Finally,
when |β| > 2|α| 6= 0, a trivial type-III DTP with C = 0
can be induced by the tensor Nxz or Nyz.
Figure 2(a) shows a phase transition between type-
I and type-II DTPs which can be induced through the
competition between parameters α and β with the spin-
tensor Nij = Nzz in Eq. (1). In this case, the lowest-
band Chern number changes from 4 (type-I) to ±2 (type-
II), and then to −4 (type-I) with decreasing α by fixing
β = 1. As depicted in Figs. 2(b)-(e), the band structure
along the kx = ky = 0 line is concerned. Notably, the
Chern number of each band has two contributions from
the kz > 0 and kz < 0 branches. For α > 1, the kzSz
term dominates, and the band touching point is still the
type-I DTP with C = 4 because of the Chern number
contributions from the two branches of the lowest band
are both +2 [Fig. 2(b)]. Decreasing α, the kz > 0 (kz <
0) branch of the lowest band rotates counterclockwise
(clockwise). At the critical value α = 1, the middle band
simultaneously crosses the kz > 0 branch of the lowest
band and kz < 0 branch of the higher band. After that,
the two branches of lowest band contribute Ckz>0 = 0
and Ckz<0 = 2, as sketched in Fig. 2(c), give rise to a
type-II DTP with C = 2, which is consistent with the
numerical results in Fig. 2(a). If one further decreases α
to 0, another band crossing will occur between the middle
band and the kz > 0 (kz < 0) branch of higher (lowest)
band [Fig. 2(d)]. However, the DTP is still type-II since
this process only changes the sign of C to −2. The last
transition point with level crossing occurs at α = −1.
Compared with the case α = 1, all bands are simply
reversed when α < −1 as depicted in Fig. 2(e), and the
DTP with C = −4 belongs to type-I.
The spin-tensors Nxz or Nyz can induce a type-III
DTP with C = 0 from a type-I DTP. To illustrate such
a phase transition, we choose Nij = Nxz with α = 1 in
Hamiltonian (1). The DTP is of type-I for |β| < 2 and
type-III for |β| > 2, respectively. At β = 2, as illustrated
in Fig. 2(g), the higher and middle bands cross along two
quadratic curves kz±k2x = ky = 0, while the lowest band
touches with these two bands at k = 0. Near one of these
two curve nodes, e.g., kz − k2x = ky = 0, the spectra are
found to be βkz/2 and (−β ±
√
β2 + 32)kz/4. The level
1
C
0C
C
(a)
1
C
0C
C
(f)
(b) (c)
(d) (e)
22
22 2
2 2
2
2
2
2
2
2 2
2 2
(g)
FIG. 2: (Color online). Phase transitions between type-I and
type-II (type-III) DTPs by tuning α (β) while fixing β = 1
(α = 1) in Eq. (1). Chern numbers as functions of α (β) for
the lowest (dashed blue), middle (dotted black), and higher
(solid red) bands are shown in (a) and (f), respectively. (b)-(e)
Band structures along the kx = ky = 0 line with α = 2, 0.5,
−0.5, and −2, respectively. The Chern number contributions
for each branch are +2 (solid black), −2 (dashed blue), and 0
(dotted red). (g) Bands crossing at one of the two transition
points with β = 2, where the lowest, middle, higher bands are
labeled by the color blue, green, and red, respectively. The
levels crossing only between the middle and higher bands.
crossing in the vicinity of the other curve node is similar.
Moreover, for the case of β = −2, the lowest and middle
bands cross along the two curves and the highest band
touches with these two bands at k = 0. Because each
band crossing changes the Chern number by 2, and the
crossings along the two curves are in the same branch,
the Chern number must change by 4. Such a topological
transition of a DTP from type-I to type-III is shown in
Fig. 2(f). In contrast, the Chern number in the tran-
sition from type-II to type-III DTPs only changes by 2,
and the band crossing is along only one curve. For in-
stance, we consider α = 1 and βNij = c1Nzz + c2Nxz
in the Hamiltonian (1) with c1,2 > 0, the transition oc-
curs at c1 = c
2
2/4− 1, and the band crossing is along the
k2x − c2kz/2 = ky = 0 curve, as shown in Fig. 3(a).
By introducing a C4-breaking term, a quadratic DTP
of monopole charge C can be split into two linear triple-
points with monopole charge C/2. For concreteness, let
us consider adding a perturbation term λ2Sx in the model
Hamiltonian (1), then the bands touch at two threefold
degenerate points K± = (±|λ|, 0, 0). Near these two
points, the Hamiltonian can be expanded to the linear
order with q = k −K± as
H±(q) = ∓2|λ|qxSx ± |λ|qySy + qz(αSz + βNij). (5)
A threefold degenerate point described by this effective
Hamiltonian is a linear triple point [26]. Specially, the
type-I DTP of C = ±4 for Nij = Nzz are broken into
two linear triple point with C = ±2, as shown in Fig.
3(b). The effects of C4-breaking terms for type-II and
4type-III are similar.
(a) (b)
FIG. 3: (Color online). (a) Bands crossing at the transition
point for α = 1 and βNij = c1Nzz+c2Nxz in the Hamiltonian
(1) with c1 = 1 and c2 = 2
√
2. The levels crossing only
between the middle and highest bands along one quadratic
curve at the kz > 0 branch. (b) For α = 1 and β = 0, a
quadratic type-I DTP (C = ±4) splits into two linear TPs
carrying the same monopole (C = ±2).
III. DTP FERMIONS IN 2D LATTICE MODEL
For a lattice system that is filled with fermionic par-
ticles and effectively described by the low-energy Hamil-
tonian (1), the quasiparticle excitations near the DTPs
can be named DTP fermions with (pseudo)spin-1 and
quadratic dispersion. In this section, we first study DTP
fermions in a 2D lattice model, which can reduce into
the Hamiltonian (1) without kz terms. The three spin-1
states are labeled as | ↑〉, |0〉, | ↓〉, and the 2D tight-
binding Hamiltonian on a square lattice is given by
Hˆ2D = t
∑
r
[
Hˆrx + Hˆry + Hˆrxy + HˆM
]
,
Hˆrx =
[
− i
2
(aˆ†r,0aˆr+x,↑ + aˆ
†
r,0aˆr−x,↑) + H.c.
]
+
[
i
2
(aˆ†r,↓aˆr+x,0 + aˆ
†
r,↓aˆr−x,0) + H.c.
]
,
Hˆry =
[
− i
2
(aˆ†r,0aˆr+y,↑ + aˆ
†
r,0aˆr−y,↑) + H.c.
]
(6)
+
[
i
2
(aˆ†r,↓aˆr+y,0 + aˆ
†
r,↓aˆr−y,0) + H.c.
]
,
Hˆrxy =
[
− i
4
(aˆ†r,↓aˆr+(x−y),↑ + aˆ
†
r,↓aˆr−(x−y),↑) + H.c.
]
+
[
i
4
(aˆ†r,↓aˆr+(x+y),↑ + aˆ
†
r,↓aˆr−(x+y),↑) + H.c.
]
,
HˆM = iMaˆ
†
r,0aˆr,↑ + H.c.,
where aˆr,s(aˆ
†
r,s) is the annihilation (creation) operator
on site r with spin s = {↑, 0, ↓}, M is the strength of
an effective Zeeman potential, and the hopping strength
is set t = 1 as the energy unit hereafter. The terms
Hˆrx, Hˆry, and Hˆrxy represent the spin-flip hopping along
x, y, and x ± y axis, respectively. Under the peri-
odic boundary condition, the tight-binding Hamiltonian
can be written as Hˆ2D =
∑
k,ss′ aˆ
†
ks[H(k)]ss′ aˆks′ , where
aˆks = 1/
√
V
∑
r e
−ik·raˆrs is the annihilation operator in
momentum space k = (kx, ky), and the Bloch Hamilto-
nian is written as (the lattice spacing a ≡ 1 and ~ ≡ 1)
H(k) = d(k) · S,
dx = cos kx − cos ky,
dy = sin kx sin ky, (7)
dz = M − cos kx − cos ky.
The energy spectrum is given by E(k) = 0,±|d(k)|,
which contains a zero-energy flat band in the middle of
the three bands. For M = 2 (M = −2), the three bands
touch at a single point K+ = (0, 0) [K− = (pi, pi)] in
the first Brillouin zone, as shown in Fig. 4(a). Expand-
ing the Bloch Hamiltonian near the threefold degenerate
point with q = k − K± yields the low-energy effective
Hamiltonian
H±eff(q) = ±[
1
2
(q2y − q2x)Sx + qxqySy], (8)
indicating that this threefold degenerate point is a 2D
DTP with quadratic dispersion along kx and ky direc-
tions. When the Fermi level lies near the 2D DTP, the
lattice system is in a metallic phase with emergent 2D
DTP fermions.
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FIG. 4: (Color online) (a) The band dispersion in the kx−ky
plane with M = 2. (b) The Chern numbers as a function of
M . When M 6= ±2, the 2D system is in the topological or
trivial insulating phase.
To further study the topological properties of the sys-
tem, we first calculate the Berry phase of the 2D DTP
point for M = ±2 by circling around it
γ =
∮
C
dk ·A(k), (9)
where the Berry connection A(k) = i〈u−(k)|∇k|u−(k)〉.
The analytical calculation gives the Berry phase γ = 0
for both M = ±2 which is confirmed by numerical in-
tegration. Thus, the 2D DTPs are topologically trivial,
and the 2D DTP fermions in this model are not topolog-
ical quasiparticles. When M 6= ±2, the system changes
5-1 -0.5 0 0.5 1
-3
-2
-1
0
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E 
E 
kx/π 
-1 -0.5 0 0.5 1
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0
5
kx/π 
(a) (b) 
FIG. 5: (Color online) (a) The energy spectrum E(kx) of re-
duced chain with lattice sites Ly = 60 under open boundaries
for (a) M = 1 and (b) M = 3. The red and blue colors denote
the edge modes in opposite edges.
from a trivial metallic state to an insulator state with
band gaps. We then calculate the Chern number of the
lowest gapped band
C =
1
2pi
∫
BZ
dkxdky
1
d3
d · (∂kxd× ∂kyd). (10)
The obtained C as a function of the parameter M is
shown in Fig. 4(b), which indicates that the system is
a topological Chern (trivial band) insulator with C = 4
(C = 0) when |M | < 2 (|M | > 2). We also numerically
calculate the energy spectrum E(kx) under open bound-
ary condition along y direction with the lattice length
Ly = 60 for fixed M = 1 and M = 3, respectively. As
shown in Figs. 5(a) and (b) for M = 1 and M = 3, there
are four and zero chiral in-gap edge states connecting the
three bulk bands, which is consistent of the bulk-edge
correspondence for C = 4 and C = 0, respectively.
IV. DTP FERMIONS IN 3D LATTICE MODEL
We proceed to study the DTP fermions in a 3D cubic
lattice system, which can reduce into the Hamiltonian
(1). The corresponding 3D tight-binding Hamiltonian is
given by
Hˆ3D = Hˆ2D +
∑
r
Hˆrz,
Hˆrz = − iα
2
(aˆ†r,0aˆr+z,↑ + aˆ
†
r,0aˆr−z,↑) + H.c.,
(11)
where Hˆrz denotes the hopping term along the z axis.
The Bloch Hamiltonian of the 3D system for α = 1 takes
the form as
H(k) = (cos kx − cos ky)Sx + sin kx sin kySy
+(M − cos kx − cos ky − cos kz)Sz. (12)
There are a pair of threefold degenerate points in the
energy bands located at T±1 = [0, 0,± arccos(M − 2)] for
1 < M < 3 as shown in Fig. 6(a), and another pair at
E
kz/π
(a)
kx/π
(b)
-1 0 1
-1
-0.5
0
0.5
1
k z
/π
kx/π
EF= -0.05
FIG. 6: (Color online) (a) The band dispersion as a function
of kx and kz for ky = 0 and M = 2. (b) The Fermi arcs appear
at EF = −0.05 under the open boundary condition along the
y direction. The black lines denote the surface states, and the
two red dots denote the position of DTPs.
T±2 = [pi, pi,± arccos(M + 2)] for −3 < M < −1. One
can obtain the low-energy effective Hamiltonian around
T±1 with q = k−T±1 :
H±eff(q) =
1
2
(q2y − q2x)Sx + qxqySy ± vzqzSz, (13)
where vz =
√
1− (M − 2)2 for 1 < M < 3. The
monopole charge of the DTPs T±1 can be obtained as
C = ±4, then they are type-I DTPs (T±2 are also type-I
DTPs). Since the 3D bulk bands are fully gapped when
kz 6= ±kcz with kcz = arccos(M − 2), considering kz as a
good quantum number, the dimension reduction Hamil-
tonian Hkz (kx, ky) for a fixed kz 6= ±kcz can be viewed as
a 2D Chern insulator, which is topologically character-
ized by the kz-dependent Chern number defined on the
kx-ky plane [see Eq. (10)]:
Ckz =
{
0, |kz| > kcz;
4, 0 < |kz| < kcz. (14)
Thus the type-I DTPs with monopole charge C = ±4
act as the topological transition points between two
layer topological insulators with Chern number difference
∆Ckz = ±4 = C. Using open boundary condition along
y direction, we find that there are four Fermi arcs surface
states effectively connecting the pair of DTPs, as shown
in Fig. 6(b). In these cases, the system has the topo-
logical metal bands with emergent DTP fermions. At
the critical points M = ±1 or ±3, the two DTPs merge
and then disappear by opening a gap when |M | < 1 and
|M | > 3. For |M | < 1, the system is in a weak topologi-
cal insulator phase, which has the Chern number Ckz = 4
for all kz and chiral surface states under open boundary
condition. For |M | > 3, it is a trivial insulating phase.
To further study the C4-symmetry breaking effect, we
add a term Hp = δSx to the Bloch Hamiltonian in
Eq. (12), which corresponds to the in-site coupling de-
scribed by the lattice Hamiltonian Hˆp = iδ
∑
r aˆ
†
r,↓aˆr,0 +
H.c.. Under the symmetry breaking perturbation, each
quadratic DTP splits into two linear triple points. By
6-4 -2 0 2 4
-3
-2
-1
0
1
2
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TM8
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TM4TM4
TM4TM4
DTM DTM
2
1
0
-
-
3
-3
0-2-4 2 4
M
δ
FIG. 7: (Color online) The phase diagram of the 3D lattice
system with a C4-symmetry breaking term. DTM denotes
the DTP metal phase (white lines), TI (orange) and NI (light
blue) denote a weak topological and normal insulating phase,
TM4 (dark blue) and TM8 (red) represent the triple-point
metal phase with four and eight triple points, respectively.
varying the parameters M and δ, we can obtain the phase
diagram of the 3D lattice system, as shown in Fig. 7. In
the phase diagram, apart from a normal band insulating
phase (denoted by NI) with Ckz = 0 and a weak topolog-
ical insulating phase (denoted by TI) with Ckz = 4 for
all range of kz, there are another three different phases:
the DTP metal phase (denoted by DTM), the triple-point
metal phase with four triple points (denoted by TM4) and
triple-point metal phase with eight triple points (denoted
by TM8). For example, for 0 < δ < 2 and 1 −M < δ <
3−M , the four triple points are located at (kx, ky, kz) =
(− arccos(1− δ), 0,± arccos(M − 2 + δ)) and (arccos(1−
δ), 0,± arccos(M −2+ δ)). For the TM8 phase when 1 <
δ < 2, the eight triple points are located at (− arccos(1−
δ), 0,± arccos(M−2+δ)), (arccos(1−δ), 0,± arccos(M−
2 + δ)), (pi,− arccos(δ − 1),± arccos(M + 2 − δ)), and
(pi, arccos(δ − 1),± arccos(M + 2− δ)).
kx/π kz/π kz/π
kx/π
E E
(a) (b)
FIG. 8: (Color online) (a) The energy band in the kx-kz plane
with ky = 0: (a) type-II DTPs for α = 0.5, β = 1 and
M = 1.8; (b) type-III DTPs for α = 1, β = 3 and M = 1.8.
As analyzed in Sec. II, we can add an additional
spin-tensor term to induce the phase transition between
type-I and type-II DTPs. The required spin-tensor term
vzkzNzz (let β = 1) in the continuum Hamiltonian (1)
corresponding to the lattice Hamiltonian
Hˆzz =
∑
r
Hˆrzz + HˆMzz ,
Hˆrzz = −1
2
(aˆ†r,↑aˆr+z,↑ + aˆ
†
r,0aˆr+z,0) + H.c.,
HˆMzz = (M − 2)aˆ†r,↑aˆr,↑ + aˆ†r,0aˆr,0).
(15)
In this case when 1 < M < 3 and 0 < |α| < 1, there are
a pair of type-II DTPs at (0, 0,±kcz) in the first Brillouin
zone, as shown in Fig. 8(a) with the energy bands. For
the 3D lattice system with the type-II DTPs, we obtain
the kz-dependent Chern number for the lowest band
Ckz = sign(α)×
{
2, |kz| > kcz;
4, 0 < |kz| < kcz. (16)
The type-II DTPs with monopole charges ±2 also act
as the transition points between two layer topological
insulators with Chern number difference ∆Ckz = ±2.
To induce the transition from type-I to type-III DTPs,
the required spin-tensor term βvzkzNxz in Hamiltonian
(1) takes the following form of lattice Hamiltonian
Hˆxz =
∑
r
Hˆrxz + HˆMxz ,
Hˆrxz =
β
4
(aˆ†r,↓aˆr+z,↑ + aˆ
†
r,↓aˆr−z,↑) + H.c.,
HˆMxz = −
β(M − 2)
2
(aˆ†r,↓aˆr,↑ + aˆ
†
r,↑aˆr,↓).
(17)
With this addition spin-tensor term, when 1 < M < 3
and |β| > 2 (α = 1), there are a pair of type-III DTPs
at (0, 0,±kcz) in the first Brillouin zone, as shown in Fig.
8(b) with the energy bands. For the 3D lattice system
with the trivial type-III DTPs, the kz-dependent Chern
number Ckz = 0 for all kz.
V. REALIZATION AND DETECTION IN
OPTICAL LATTICES
In this section, we discuss the realization of the lat-
tice models and detection of the topological properties of
the emergent DTP fermions in optical lattices. We con-
sider a noninteracting degenerate fermionic gas in a 3D
cubic (or 2D square) optical lattice, and the three spin
states | ↑〉, |0〉, | ↓〉 are encoded by three atomic internal
states. By defining the three-component annihilation op-
erator at site r as aˆr = (aˆr,↑, aˆr,0, aˆr,↓)T , the 3D lattice
Hamiltonian in Eq. (11) can be rewritten as
Hˆ3D =
∑
r,η
(
aˆ†r+ηUηaˆr + H.c.
)
+M
∑
r
aˆ†rSzaˆr (18)
+
∑
r
[
aˆ†r+(x+y)Uxyaˆr − aˆ†r+(x−y)Uxyaˆr + H.c.
]
,
7where η = x,y, z denote the hopping directions. The
hopping matrices along the three axis and xy direction
are given by Ux =
1
2 (Sx − Sz), Uy = − 12 (Sx + Sz),
Uz = − 12Sz, and Uxy = − 14Sy, respectively. For a square
lattice without the Uz term, the Hamiltonian recovers to
the 2D model in Eq. (6).
The terms Uη and Uxy describe atomic hopping be-
tween two lattice sites with spin flipping, which can
be achieved by the laser-assisted tunnelling technique
with well-designed Raman coupling between the two spin
states [29–33]. In experiments, one can first use a mod-
erate magnetic field to distinguish the spin states, and
then the natural hopping tN along each direction is sup-
pressed by titling the cubic optical lattice with a homo-
geneous energy gradient along the η direction, with the
large tilt potential ∆η  tN . The tilt potential can be
created through the natural gravitational field or the gra-
dient of a dc- or ac-Stark shift. In order to distinguish
the tunnellings directed along different directions for in-
dependent Raman coupling, one requires different linear
energy shifts per site ∆x 6= ∆y 6= ∆z 6= ∆x ± ∆y. Fi-
nally, the hopping terms can be restored and engineered
by application of two-photon Raman coupling with the
laser beams of proper configurations through the laser-
frequency and polarization selections [29–32]. The spin-
tensor terms in Eqs. (15) and (17) can also been engi-
neered in this way. In principle, arbitrary hopping ma-
trices including the required hopping terms can be in-
dependently created with well-designed laser configura-
tions [29–32]. Particularly, the detailed Raman-coupling
schemes have been proposed to realize similar hopping
terms with spin flip Sx,y,z for cold atoms in a 3D cu-
bic lattice [24, 26, 71]. We note that the realization of
all the hopping terms is technically extremely challenging
since a considerable number of Raman beams are needed.
Although the beams can be drawn from the same laser
by an electric or acoustic optical modulator, one should
overcome the difficulties in the implementation of the Ra-
man lasers that are associated with the heating for the
required spin-changing transitions.
To detect the emergent DTP quasiparticles in the op-
tical lattice, one can first detect the DTP as the band
crossings. The 2D and 3D DTPs can be probed via the
Bragg spectroscopy or Bloch-Zener oscillations from mea-
suring the atomic zener tunneling to excited band after a
Bloch oscillation, similar to the methods used for detect-
ing Dirac points [35–37] and Weyl points [60, 62, 67] in
optical lattices. The Berry phase of a 2D DTP can be di-
rectly measured using an interferometric approach in mo-
mentum space [38]. Moreover, it has been demonstrated
that the full tomography of Bloch states (vectors) can be
achieved with cold atoms in optical lattices to reveal the
band topology [72–77], which would be applicable in our
proposed system.
For the 3D case, we show that the kz-dependent Chern
number Ckz can also be measured from the shift of the
hybrid Wannier center of an atomic cloud, based on the
particle pumping approach and hybrid Wannier functions
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FIG. 9: (Color online) The hybrid Wannier center 〈ny(kx, kz)〉
in a tight-binding chain of length Ly = 60 under the open
boundary condition at 1/3 filling (the particle number of the
three-component fermionic atoms is fixed as Na = Ly = 60 in
numerical simulations) as a function of the adiabatic pumping
parameter kx for different kz. (a) The profile 〈ny(kx, kz)〉 for
M = 2 without trapping potential shows four jumps of one-
unit-cell for kz within the region (−0.5pi, 0.5pi), with typical
examples shown in (b). (c) The profile 〈ny(kx, kz)〉 for M =
2 under a weak harmonic trap with Vt = 2 × 10−4t (t =
1 as the energy unit). (d) The profile 〈ny(kx, kz)〉 without
trapping potential for M = 3.2 shows the absence of one-
unit-cell jumps for all kz in the topologically trivial regime.
in band theory [48–52, 78–80]. For a fixed kz (kz 6= kcz),
the Hamiltonian Hkz (kx, ky) describes a 2D insulating
lattice system, which can be viewed as a fictitious 1D
insulator along y, subject to the external parameter kx
and kz. The polarization of this 1D insulator can be
defined by means of hybrid Wannier functions [78–80],
which are localized in the y axis retaining Bloch charac-
ter along kx and kz. When kx is adiabatically changed
by 2pi, the change in polarization, i.e., the shift of the hy-
brid Wannier center, is proportional to the kz-dependent
Chern number, which is a manifestation of topological
pumping with kx being the adiabatic pumping parame-
ter. Considering the Bloch Hamiltonian in Eq. (12) with
parameters kx and kz, and transforming it to the tight-
binding Hamiltonian along the y axis, we can construct
the hybrid Wannier center as [67, 78]
〈ny(kx, kz)〉 =
∑
iy
iyρiy (kx, kz)∑
iy
ρiy (kx, kz)
, (19)
where ρiy (kx, kz) is the density of the hybrid Wannier
function as a function of kx and kz, with iy being the
lattice-site index in the 1D tight-binding chain. Here,
the hybrid density can be written as
ρiy (kx, kz) =
∑
occ
|kx, kz〉iyiy 〈kx, kz|, (20)
where |kx, kz〉iy denotes the hybrid wave function of the
system at site iy and notation occ denotes the occupied
8states. Experimentally, the atomic density ρiy (kx, kz)
can be directly detected by the hybrid time-of-flight im-
ages [78], combing in situ imaging along y and time-of-
flight imaging along the release directions x and z. In
the measurement, the optical lattice is switched off along
x and z, while the system remains unchanged along y.
Thus, one can directly extract Ckz from an experimental
detection of the shift in the hybrid function center.
We numerically calculate 〈ny(kx, kz)〉 from Eq. (19) in
a 1D reduced tight-binding chain of length Ly = 60 at
1/3 filling (the lowest band is filled), with typical results
shown in Fig. 9. Here we note that for three-component
fermionic atoms in the three-band model with the total
lattice site NL, the particle number is Na = NL (the
average atomic density is 1) under the 1/3 filling con-
dition. In our numerical simulation for the reduced 1D
chain with parameters kx and kz, the fermion number is
thus fixed as Na = Ly = 60 for various kx and kz. To
consider the effect of the fluctuations of ρiy (kx, kz) in re-
alistic experiments, we simply add local fluctuations as
(1 +wiy )ρiy (kx, kz) in our numerical calculations, where
the random parameter wiy for the cite iy is uniformly
distributed in the range [−W,W ] with the fluctuation
strength W . We have numerically checked that the re-
sults of 〈ny(kx, kz)〉 shown in Fig. 9 can preserve when
the fluctuation strength W . 30% (W . 5%) for the
quantity averaged over hundreds of random samplings (a
single random sampling). Thus, such a magnitude of the
density fluctuations would not affect the measurements
in practical cold-atom experiments after averaging the
samples.
For the case of M = 2 in Figs. 9(a) and (b), the results
show that the system exhibits four discontinuous jumps
of one unit cell within the region kz(−kcz, kcz) with kcz =
0.5pi, as kx changing from −pi to pi. This indicates that
when kz(−kcz, kcz), Ckz = 4 and outside this region Ckz =
0. For M = 3.2 in Fig. 9(d), there is no discontinuous
jump in 〈ny(kx, kz)〉, which indicates that the system is
in the trivial insulator phase with Ckz = 0 for all kz.
To take the realistic experiment into account, we add a
weak harmonic trap Hˆt = Vt
∑
n(n − Ly2 )2aˆ†naˆn to this
finite-site lattice, where Vt is the trap strength. Within
a local-density approximation, the lowest band is still
filled at the center of the trap and thus the shift of the
hybrid Wannier center is expected to be nearly the same
as those without the trap potential. When the band gap
Eg ≤ Vt(iy− Ly2 )2, the lowest band is only partially filled
near the two edges and then this pumping argument does
not apply to this region. With numerical simulations
shown in Fig. 9(c), 〈ny(kx, kz)〉 preserve with a deviation
less than 2% except the regions near the DTPs for Vt =
2 × 10−4t, which are consistent with the estimations in
the local-density analysis.
VI. CONCLUSIONS
In summary, we have proposed a class of pseudospin-1
quadratic DTP fermions emerging in topological metal
bands. We have analyzed a general three-band contin-
uum model with C4 symmetry in three dimensions, which
has three types of threefold DTPs as spin-1 generaliza-
tion of double-Weyl points, classified by their topological
charges. The 2D and 3D tight-binding lattice models of
topological metal bands with exotic DTP fermions near
the DTPs have also been proposed and explored. In 2D,
the bands close at a trivial DTP with zero Berry phase,
which occurs at the transition between the normal and
topological insulator phases. In 3D, the topological prop-
erties of three different DTP fermions in lattice systems
are further investigated, and the effects of breaking C4
symmetry are also considered, which generally leads to
splitting each quadratic DTP into two linear triple points
and gives topological phase diagrams. Finally, we have
discussed realization of the proposed models and detec-
tion of the topological properties of the DTP fermions in
optical lattices.
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